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Abstract
General theorems concerning s-connectedness and hyperspaces are first obtained. These results are
applied to prove that: for a continuum X having zero surjective semispan, (1) each Whitney block
in the hyperspace of subcontinua of X, C(X), has the fixed point property and (2) if f :Y → X is
map from a continuum Y onto X, then the induced map fˆ :C(Y )→ C(X) is universal. Both results
provide new proofs to some theorems for arc-like continua. The first one answers a question asked
by Nadler.
 2001 Elsevier Science B.V. All rights reserved.
MSC: 54B20; 54F15; 54H25
Keywords: Fixed point property; Hyperspaces; Induced maps; s-connectedness; Semispan;
Universal maps; Whitney blocks
1. Introduction
A continuum is a nonempty compact connected metric space. For a continuum X, let
C(X) (respectively 2X) denote the hyperspace of all continua (respectively nonempty
compacta) in X with the Hausdorff metric, see [4] or [11]. A map is a continuous function.
A Whitney map for C(X) is a map µ :C(X)→ [0,1] such that (a) µ({x})= 0 for every
x ∈ X, (b) if A,B ∈ C(X) and A ⊂ B = A, then µ(A) < µ(B), and (c) µ(X) = 1.
A Whitney block in C(X), respectively a Whitney level in C(X), is a set of the form
µ−1([s, t]), respectively µ−1(t), where 0 s < t  1. These concepts are defined for 2X
similarly. It is known that Whitney maps, for both C(X) and 2X, always exist [4, Theo-
rem 13.4]. Moreover, Whitney blocks and Whitney levels in C(X) are continua [4, The-
orem 19.9]. However, for 2X this is not true [4, Theorem 24.2]. Given a map f :Y → X
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between continua Y and X, we let fˆ :C(Y )→ C(X) denote the corresponding induced
map defined by fˆ (A)= f (A) for every A ∈ C(Y ).
For a continuum X, let π1 denote the first projection of X × X onto X. Following
Lelek [8],X has zero surjective semispan if whenever Z is a continuum in X×X such that
π1(Z)= X, then Z intersects the diagonal, ∆X , in X ×X, where ∆X = {(x, x): x ∈X}.
It is known that each arc-like continuum has zero surjective semispan [7,8]. The converse
is an open problem [1, Houston Problem Book, Problem 82].
A map f :Y →X is universal [2] provided f has a coincidence with every map from Y
intoX, this means for any map g :Y →X there exists a pointp ∈ Y such that f (p)= g(p).
A continuum X is said to have the fixed point property provided that every map f from
X into X has a fixed point, i.e., a point x ∈X such that f (x)= x . It is easy to verify that
if f :Y → X is a universal map, then f is surjective and X has the fixed point property.
Also it can be proved that a continuum X has zero surjective semispan if and only if each
map from any continuum onto X is universal. In particular, continua having zero surjective
semispan have the fixed point property.
In this paper we prove: For a continuum X with zero surjective semispan, Theorem 3.1,
each Whitney block in C(X) has the fixed point property and, Theorem 4.1, if f :Y →X
is a map from a continuum Y onto X, then the induced map fˆ :C(Y )→C(X) is universal.
In a conference [5] Nadler asked whether Whitney blocks in C(X) have the fixed point
property for an arc-like continuum X, Theorem 3.1 led to the answer to this question.
Segal [19, Theorem 3] has shown that C(X) has the fixed point property for an arc-like
continuum X. Some easier proofs of this result are in [6,12,18]. We obtain Segal’s fixed
point theorem as an immediate corollary of each of Theorems 3.1 and 4.1. Also we mention
that Theorem 4.1 simultaneously strengthens results of Nadler [12] and Oversteegen and
Tymchatyn [15].
Our approach follows some ideas of Marsh [10] related with s-connectedness. We recall
this notion. Let A and B be disjoint closed subsets of a connected space X. A closed set
H ⊂X cuts weakly betweenA and B in X provided that wheneverC is a closed connected
set in X that intersects each of A and B , then C intersects H . We say that X is s-connected
between A and B provided that whenever H is a closed set in X that cuts weakly between
A and B , then some componentK of H cuts weakly between A and B . A connected space
X is said to be s-connected provided that whenever A and B are disjoint closed connected
subsets of X, then X is s-connected between A and B .
If f :X→ Y is a map and A⊂X, then f |A denotes the restriction of f to A.
2. s-connectedness and hyperspaces
We obtain some general results concerning s-connectedness and hyperspaces, which we
use later.
Theorem 2.1. For any continuum X, C(X) is s-connected.
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Proof. Let X be a continuum. It follows from [4, Theorem 19.2] that C(X) is an inverse
limit of absolute retracts. On the other hand, in [10, Theorem 3] is proved that an inverse
limit of absolute retracts is s-connected. Therefore C(X) is s-connected. ✷
Remark 2.2. It is known that, for any continuum X, C(X) is unicoherent [4, Theo-
rem 19.8]. Since s-connectedness implies unicoherence [10, Lemma 1], Theorem 2.1 pro-
vides a new proof to this result.
The arguments used in the proof of Theorem 2.1 also work to show that a Whitney block
of the form µ−1([t,1]) is s-connected, see [4, Exercise 19.14].
The proofs of Theorems 2.4 and 3.1 use the following result.
Theorem 2.3. Let X be a continuum, µ be a Whitney map for C(X) and 0  s < t  1.
If H is a closed set that cuts weakly between µ−1(s) and µ−1(t) in the Whitney block
µ−1([s, t]), then H cuts weakly between µ−1(s) and µ−1(t) in C(X).
Proof. Let C be a continuum in C(X) which intersects each of µ−1(s) and µ−1(t). We
claim that there is a component, D, of C ∩ µ−1([s, t]) such that D intersects both µ−1(s)
and µ−1(t). Next we prove this claim.
If no component of C ∩ µ−1([s, t]) intersects each of µ−1(s) and µ−1(t) then, by the
cut wire theorem, [13, Theorem 5.2],
C ∩µ−1([s, t])=Z1 ∪Z2
where Z1 and Z2 are disjoint closed subsets of C ∩µ−1([s, t]) with(C ∩µ−1(s))⊂Z1 and (C ∩µ−1(t))⊂Z2.
Notice that
C = (Z1 ∪ {A ∈ C: µ(A) s})∪ (Z2 ∪ {A ∈ C: µ(A) t}),
thus, we have a contradiction to connectedness of C .
Then, we have that D is a continuum in the block µ−1([s, t]) which intersects each of
µ−1(s) and µ−1(t), and so, by hypothesis,D ∩H = ∅. Therefore, C ∩H = ∅. ✷
It is easy to see that there exist Whitney blocks which are not s-connected, for example
considering C(S1) where S1 is the unit circle in the plane. However, as we show in next
theorem, for any continuum X, every Whitney block in C(X) is s-connected between its
lids.
Theorem 2.4. Let X be a continuum. If µ is a Whitney map for C(X) and 0 s < t  1,
then the Whitney block µ−1([s, t]) is s-connected between µ−1(s) and µ−1(t).
Proof. Let H be a closed set that cuts weakly between µ−1(s) and µ−1(t) in the block
µ−1([s, t]). By Theorem 2.3, we have that H cuts weakly between µ−1(s) and µ−1(t)
in the hyperspace C(X). Now, by Theorem 2.1, there is a component K of H which cuts
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weakly betweenµ−1(s) andµ−1(t) in C(X). It is clear thatK cuts weakly betweenµ−1(s)
and µ−1(t) in the block µ−1([s, t]) also. ✷
Remark 2.5. Theorems 2.1 and 2.3 also holds for 2X. Theorem 2.4 can be proved for a
Whitney map µ for 2X if, in addition, µ is monotone, i.e., the Whitney levels µ−1(t) are
connected sets.
3. A fixed point theorem
In [3, Corollary 3.3] Hosokawa proved that the property of having zero surjective
semispan is a Whitney property. It means, if X is a continuum with zero surjective
semispan, then each Whitney level in C(X) has zero surjective semispan. Therefore, for
such a continuum the Whitney levels have the fixed point property. In next theorem we
include this fact.
Theorem 3.1. Let X be a continuum with zero surjective semispan. If µ is a Whitney map
for C(X) and 0 s  t  1, then µ−1([s, t]) has the fixed point property.
Proof. We only consider the case s < t (because the comment above the theorem). Let
f :µ−1([s, t])→µ−1([s, t]) be a map and set
H= {A ∈ µ−1([s, t]): µ(A)= µ(f (A))}.
Since µ|µ−1([s,t ]) :µ−1([s, t])→[s, t] is a universal map, it has a coincidence with the map
µ ◦ f :µ−1([s, t])→[s, t], then H is a nonempty closed subset of µ−1([s, t])).
We claim that H cuts weakly between µ−1(s) and µ−1(t) in the block µ−1([s, t]).
To prove this fact, let C be a continuum in µ−1([s, t]) which intersects both µ−1(s) and
µ−1(t). Notice that µ(C) = [s, t]. Thus µ|C :C → [s, t] is a universal map. Then, by
considering the map µ ◦ f |C :C → [s, t], we obtain that there exists an element A ∈ C
such that µ(A)= µ(f (A)). That is, H ∩ C = ∅.
From Theorem 2.3, we have that H cuts weakly between µ−1(s) and µ−1(t) in the
hyperspace C(X). Then, by Theorem 2.1, we can fix a component K of H which cuts
weakly between µ−1(s) and µ−1(t) in C(X). Next we prove that
X =
⋃
{A: A ∈K}. (1)
Take a ∈X. Let Γ be an order arc in C(X) from the singleton {a} to X (see [4, p. 110]).
We have that Γ is a continuum in C(X) which intersects each of µ−1(s) and µ−1(t).
Therefore, Γ ∩K = ∅. Let A ∈ Γ ∩ K. Since each element of Γ contains the point a, it
follows that a ∈A. This proves (1).
We assert that there exists A ∈K such that either A⊂ f (A) or f (A)⊂ A. Let us prove
it. If the assertion is false, by an argument of compactness, there exists ε > 0 such that, for
every A ∈K
f (A) ⊂N(ε,A) and A ⊂N(ε,f (A)),
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where N(ε,A) = {x ∈ X: d(x, a) < ε for some a ∈ A} and d denotes the metric on X.
Now, for each A ∈K set
[A] = (A× f (A)) \ (N(ε,f (A)×N(ε,A)).
By Lemma 3.1 of [3], we have that [A] is a subcontinuum of X×X such that
π1
([A])= A and [A] ∩∆X = ∅. (2)
Set M =⋃{[A]: A ∈ K}. It is easy to prove that M is a continuum in X ×X. From (1)
and the first equation in (2), it follows that π1(M)=X. By the second equation in (2), we
obtain M ∩∆X = ∅. Since X has zero surjective semispan, we have a contradiction. This
proves our assertion.
Now, we can fix A ∈K such that A⊂ f (A) or f (A)⊂ A. Since K ⊂H, A ∈H. Thus,
µ(A)= µ(f (A)). It follows from the properties of the Whitney map that A= f (A). ✷
Since the whole hyperspaceC(X) is a Whitney block, we obtain the following corollary.
Corollary 3.2. If X is a continuum with zero surjective semispan, then C(X) has the fixed
point property.
It is known that an arc-like continuum has zero surjective semispan [7] or [8]. Then, as
a direct consequence of Theorem 3.1 and Corollary 3.2, we obtain the following results,
respectively.
Corollary 3.3. For an arc-like continuum X, each Whitney block in C(X) has the fixed
point property.
Corollary 3.4 (Segal [19, Theorem 3]). If X is an arc-like continuum, then C(X) has the
fixed point property.
4. A universal mapping theorem
Our next theorem simultaneously strengthens results of Nadler [12] and Oversteegen
and Tymchatyn [15], see Corollaries 4.2 and 4.3 below.
Theorem 4.1. Let X be a continuum with zero surjective semispan. If f :Y →X is a map
from a continuum Y onto X, then the induced map fˆ :C(Y )→C(X) is universal.
Proof. Let g :C(Y )→C(X) be a map. Fix a Whitney map µ for C(X). Denote
H= {A ∈ C(Y ): µ(fˆ (A))= µ(g(A))}.
It is easy to see that µ ◦ fˆ maps C(Y ) onto the unit interval [0,1]. Hence, µ ◦ fˆ is a
universal map. Then, with similar arguments to the ones given in the first part of the proof
of Theorem 3.1, we can prove thatH is a nonempty closed set which cuts weakly between
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F1(Y ) and Y in C(Y ), where F1(Y )= {{y}: y ∈ Y }. Now, by Theorem 2.1, we have that
C(Y ) is s-connected, and thus there is a component K of H which cuts weakly between
F1(Y ) and Y in C(Y ).
Next we claim that there exists A ∈K such that either fˆ (A)⊂ g(A) and g(A)⊂ fˆ (A).
In other case we choose ε > 0 such that, for each A ∈ K, fˆ (A) ⊂ N(ε,g(A)) and
g(A) ⊂N(ε, fˆ (A). Then we put
[A] = (fˆ (A)× g(A)) \ (N(ε, g(A))×N(ε, fˆ (A)))
and M =⋃{[A]: A ∈K}. The rest goes as in the proof of Theorem 3.1. ✷
Corollary 4.2 (Nadler [12, Theorem 2.11]). Let X be an arc-like continuum. If f :Y →X
is a map from a continuum Y onto X, then the induced map fˆ :C(Y )→C(X) is universal.
Recall that a map f :Y → X is weakly confluent provided that every subcontinuum
of X is the image under f of a subcontinuum of Y . A continuum X is said to be in
class(W) provided that every map from any continuum onto X is weakly confluent. It
is easy to see that a map f :Y → X is weakly confluent if and only if the induced map
fˆ :C(Y )→C(X) is surjective. Then, since any universal map is surjective, we obtain next
result as a consequence of Theorem 4.1.
Corollary 4.3 (Oversteegen and Tymchatyn [15, Theorem 8]). If X is a continuum with
zero surjective semispan, then X is in class(W).
Remark 4.4. Theorem 4.1 also implies Segal’s fixed point theorem that we stated as
Corollary 3.4. Statement in Corollary 4.3 was first obtained by Read [16, Theorem 4] for
arc-like continua.
In [9,14] Marsh and Nadler, respectively, have defined a continuum X to be in class(U)
(class(Û )) if for every map f of a continuum Y onto X, f (the induced map fˆ ) is
universal. Considering these notions we have the following result.
Theorem 4.5. class(U) is a subclass of class(Û ), and class(Û ) is a proper subclass of
class(W).
Proof. It is clear that a continuum X has zero surjective semispan if and only if X is in
class(U), then the first part follows from Theorem 4.1. The argument to state Corollary 4.3
actually prove that class(Û ) is a subclass of class(W). Let Z be the circle-with-a-spiral [4,
Example 7.1]. It can be proved that Z is in class(W). It is known that C(Z) does not have
the fixed point property [17]. Thus, there is not a universal map onto C(Z). Therefore, Z
is not in class(Û ). ✷
Question 4.6. Is class(U)= class(Û )?
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